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We argue that a non-abelian quantum spin liquid may be detected by magnetic field angle depen-
dence of physical observables. A spin model with the Kitaev, Heisenberg, and off-diagonal symmetric
terms on a honeycomb lattice is analyzed by using exact diagonalization, spin-wave theory, and par-
ton mean-field theory. Characteristic field angle dependence of a non-abelian Kitaev quantum spin
liquid is uncovered. The angle dependence is strikingly sensitive to the off-diagonal symmetric
terms in drastic contrast to its insensitivity to the Heisenberg term. We further demonstrate the
existence of critical lines on a plane of magnetic field direction, associated with topological natures
of a non-abelian quantum spin liquid. Thus, we propose that the angle dependence may be used
to identify a non-abelian Kitaev quantum spin liquid and discuss its smoking-gun signatures which
are applicable to candidate materials such as α-RuCl3.
Introduction.—A quantum spin liquid (QSL) is char-
acterized by enormously entangled ground and excited
states, which has been proposed as a candidate platform
to control many-body quantum entanglement [1–3]. In
contrast to weakly entangled magnon excitations, an ex-
citation of a QSL may be described by emergent quasi-
particles such as bosonic/fermionic spinons and gauge
fluctuations [4, 5]. The Majorana fermion representation
of a spin-1/2 is particularly useful in the Kitaev’s exactly
solvable model on a honeycomb lattice, which demon-
strates the presence of Majorana fermions and Z2 gauge
structures [6]. A possibility to realize a Kitaev quantum
spin liquid (KQSL) is proposed in a strong spin-orbit cou-
pled system [7], and several candidate materials in mag-
netic systems with 4d and 5d orbital degrees of freedom
such as α-RuCl3 have been suggested [8–14], and mi-
croscopic models with non-Kitaev interactions have been
extensively studied [15–40].
Recent advances in experiments have unveiled charac-
teristics of QSLs. For α-RuCl3, signatures of Majorana
fermion excitations have been observed in various differ-
ent experiments of neutron scattering, nuclear magnetic
resonance, specific heat, magnetic torque, and thermal
conductivity [41–54]. Among them, the half quantiza-
tion of thermal Hall conductivity κxy/T = (pi/12)(k
2
B/~)
may be interpreted as the hall-mark of the presence of
Majorana fermions and a non-abelian KQSL [52, 54]. At
higher magnetic fields, a significant reduction of κxy/T
also suggests a topological phase transition [52, 55]. Dif-
ficulties of thermal conductivity measurements at low
temperatures, however, strongly call for an independent
way to detect the Majorana fermions and non-abelian
KQSLs.
In this work, we propose that a non-abelian quantum
spin liquid may be detected by the angle dependent re-
sponse of the system under an applied magnetic field. We
show that a non-abelian KQSL must have critical lines,
associated with zero energy-gap, on a plane of magnetic
field direction whose existence is protected by topological
natures of a non-abelian KQSL. Also, the effects of var-
ious spin exchange terms on the field angle dependence
are studied by numerical calculations, and the character-
istics of the off-diagonal symmetric terms are stressed.
We propose experimental criteria of a non-abelian KQSL
such as angle dependence of heat capacity for a candidate
material α-RuCl3.
Model.—We consider a generic spin-1/2 model on the
honeycomb lattice with edge-sharing octahedron crystal
structure,
HJKΓΓ ′ =
∑
〈jk〉γ
[
JSj · Sk +KSγj Sγk + Γ
(
Sαj S
β
k + S
β
j S
α
k
)
+ Γ ′
(
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γ
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γ
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k + S
β
j S
γ
k + S
γ
j S
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)]
,
so-called J-K-Γ -Γ ′ model [8, 9, 11, 14]. Nearest neigh-
bor bonds of the model are grouped into x, y, z-bonds
depending on the bond direction [Fig. 1(a)]. Spins (Sj,k)
at each bond are coupled via the Heisenberg (J), Ki-
taev (K), and off-diagonal-symmetric (Γ, Γ ′) interac-
tions. The index γ ∈ {x, y, z} denotes the type of bond,
and the other two α, β are the remaining components in
{x, y, z} other than γ. Under an applied magnetic field
(h), the Hamiltonian becomes
H(θ, φ) = HJKΓΓ ′ − h(θ, φ) ·
∑
j
Sj . (1)
We specify the magnetic field direction with the polar and
azimuthal angles (θ, φ) as defined in Fig. 1(a). HJKΓΓ ′
possesses symmetries of time-reversal, spatial inversion,
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2FIG. 1. Field angle dependence of the Kitaev model with
perturbative calculations. (a) Convention of the angles (θ, φ)
of an applied magnetic field (black arrow). Red, green,
blue lines denote x,y,z-bonds, respectively. The six sites
of the hexagon plaquette are numbered by 1, 2, · · · , 6, coun-
terclockwise from the site at φ = 0◦. (b) Contour plot of
M (K)(h) = hxhyhz/K
2 on the unit sphere of (θ, φ), with the
color code of red for positive and blue for negative. (c) Con-
tour plot of ∆parton(h) = |hxhyhz|/K2, with the color code
of black for zero and orange-yellow for maximum. In (b,c),
the zero lines are marked by the dashed lines.
C3 rotation about the normal axis to each hexagon pla-
quette, and C2 rotation about each bond axis. The C3
and C2 rotations form a dihedral group D3. Under each
of these symmetries, H(θ, φ) is transformed to H(θ′, φ′)
with a rotated magnetic field h(θ′, φ′) [56].
Field angle dependence of non-abelian KQSL.— We
first employ a parton theory with the Majorana fermion
representation, including the non-Kitaev interactions
(J, Γ, Γ ′) perturbatively to the pure Kitaev model. This
perturbative approach is reliable since gauge flux exci-
tations remain gapped [6], and one may focus on the
dynamics of c-Majorana fermions.
An effective Hamiltonian for c-Majorana fermions may
be written as
Heff =
∑
〈jk〉
(iUjk)cjck +
∑
〈〈lm〉〉
(iMlm)clcm, (2)
where Ujk and Mlm are real-valued hopping amplitudes
of nearest-neighbors and next-nearest-neighbors (for sim-
plicity, we dropped hopping terms beyond next-nearest-
neighbors). It is well-understood that the next-nearest-
neighbor hopping only appears when time-reversal is bro-
ken [6].
The Zeeman coupling opens next-nearest-neighbor
hopping channels via a perturbatively generated effec-
tive interaction term −hxhyhzK2
∑
p χp. The operator χp is
defined at each hexagon plaquette p,
χp = S
x
2S
z
1S
y
6 + S
x
5S
z
4S
y
3 + C3 rotated terms, (3)
which we call a chirality operator. It generates the next-
nearest-neighbor hopping amplitude Mlm ∝ hxhyhz/K2
and non-linear energy gap ∆parton(h) ∝ |hxhyhz|/K2 in
the effective Hamiltonian.
The energy gapped state is a non-abelian KQSL, char-
acterized by the Chern number ν = sgn[hxhyhz] and
the quantization of the the thermal Hall conductivity
κxy/T = ν(pi/12)(k
2
B/~) [6] at low temperatures. Fig-
ures 1(b)-1(c) illustrate the mass function M (K)(h) =
hxhyhz/K
2 and energy gap ∆parton(h). Topological
phases (ν = ±1) are connected by the energy gapless
lines (dashed).
We perform perturbative calculations with the other
symmetry allowed terms (J, Γ, Γ ′) and find the resulting
Majorana gap,
∆parton(h) ∝ |Λ1(hx + hy + hz) + Λ3hxhyhz| , (4)
where Λ1 ∝ Γ ′/K and Λ3 ∝ 1/K2. At the lowest order,
one of the off-diagonal term Γ does not appear. Simi-
lar calculations are also discussed in literature [57]. See
also Supplemental Material for detail of the perturbation
calculation [56].
It is important to note symmetry properties of the
physical quantities. Namely, the non-linear cubic term
(hxhyhz) and the linear term (hx + hy + hz) as well as
thermal Hall conductivity κxy and the chirality operator∑
p χp belong to the A2 representation of the D3 group.
They are even under C3 rotations but odd under C2 ro-
tation. The zeroes of the gap function determine topo-
logical phase transitions, and thus the Chern number is
accordingly modified as
ν = sgn[Λ1(hx + hy + hz) + Λ3hxhyhz]. (5)
Thus, it is clear that the presence of the non-Kitaev in-
teractions modify the locations of topological phase tran-
sitions on the magnetic field angle plane.
Exact diagonalization.— We directly solve H(θ, φ) us-
ing exact diagonalization techniques to go beyond the
parton analysis. A 24-site cluster with a periodic bound-
ary condition is used, preserving the full point group sym-
metry of the original honeycomb lattice. A few lowest
eigenstates per momentum sector are obtained by taking
advantage of the translational invariance under magnetic
field h(θ, φ). Formally, the Schrodinger equation of the
spin Hamiltonian,
H(θ, φ)|Ψqn;h〉 = Eqn(h)|Ψqn;h〉,
3is solved, where the subscript (n = 0, 1, · · · ) is for an
index of quantum many body states with a crystal mo-
mentum quantum number q. We evaluate two physical
quantities,
χ(h) ≡
∑
p
〈ΨΓ0 ;h|χp|ΨΓ0 ;h〉, ∆ED(h) ≡ EK0 (h)− EΓ0 (h),
where the subscript 0 is for the lowest energy eigenvalues
with crystal momenta, q = Γ or q = K.
The numerical calculation on a finite size cluster needs
extra care to access properties of the thermodynamic
limit. The quasi-degenerate states may come from both
the tower of states of spontaneous symmetry break-
ing and topological orders. For example, the ground
state of the Kitaev spin liquid has three-fold degener-
acy associated with Z2 flux configurations, and the three
states form quasi-degenerate states in a finite size clus-
ter. Our strategy to overcome the difficulty is as follows;
we first investigate parameter regimes near the pure Ki-
taev model, examine whether topological properties of
the non-abelian KQSL are well captured in ED results,
and then extend our calculations to a broader range of
parameters. In our calculations, we fix the Kitaev cou-
pling with K = −1, and choose other couplings so that
the system remains in the non-abelian KQSL regime.
In Figs. 2(a-b), we illustrate χ(h) and ∆ED(h) for
the Kitaev model. The ED results are remarkably well-
matched with the perturbative results of the c-Majorana
fermions shown in Figs 1(b-c). The zero-lines of χ(h) is
the same as the zero-lines of the mass function M (K)(h).
While ∆ED(h) never becomes zero due to finite-size ef-
fects, the landscape of the gap function is overall consis-
tent with ∆parton(h).
We stress that our ED results are solely obtained in
terms of spins. In other words, the ED results are inde-
pendent of Majorana fermions while the perturbative cal-
culations start with the presence of Majorana fermions.
The excellent agreements between the ED and parton
results become a sanity check of our approach with ED
results. Thus, we use the two quantities to identify prop-
erties of a generic KQSL.
The two physical quantities with the non-Kitaev inter-
actions are illustrated in Figs. 2(c-h). Figs. 2(c-d) are
for the case with the Heisenberg interaction (J) in ad-
dition to the Kitaev term. We find that the zero line of
χ(h) and the angle dependence of ∆ED(h) for J = 0.1|K|
are almost identical to the results of the Kitaev model,
Figs. 2(a-b), and conclude that the Heisenberg interac-
tion barely modifies the angle dependence.
Effects of the off-diagonal symmetric terms (Γ, Γ ′)
without the Heisenberg term are shown in Figs. 2(e-h).
Even with Γ ′ = −0.1|K|, the two physical quantities are
drastically different from the ones of the Kitaev model.
Namely, the zero lines of χ(h) becomes a single line
around the equator, and the landscape of ∆ED(h) is dif-
FIG. 2. Color maps of χ(h) (left) and ∆ED(h) (right) as
functions of the field angles (θ, φ). (a,b) (J, Γ, Γ ′) = (0, 0, 0).
(c,d) (J, Γ, Γ ′) = (0.1, 0, 0). (e,f) (J, Γ, Γ ′) = (0, 0,−0.1).
(g,h) (J, Γ, Γ ′) = (0, 0.01,−0.1). The magnitude of the ap-
plied field is fixed as |h| = 0.03.
ferent from the Kitaev model, which may be related with
the ratio of Λ1/Λ3 in the parton analysis. Furthermore,
Figs. 2(g-h) shows that a tiny value of Γ = 0.01|K| also
change the two quantities significantly. Thus, we con-
clude that the angle dependence is unusually sensitive
to the off-diagonal symmetric terms in sharp contrast
to its insensitivity to the Heisenberg term. We suggest
that the field angle dependence of a non-abelian KQSL
would be a concrete way to examine the importance of
the off-diagonal symmetric terms in reality. It is an open
question how to extract quantitative microscopic energy
scales out of the field angle dependence, which we leave
for future works.
Generalization and implications.—We argue that a
non-abelian QSL may be identified by critical lines of
gap-closing on the (θ, φ) plane based on our parton
and ED results. Time-reversal symmetry not only re-
verses the topological invariant as ν → −ν but also
acts non-trivially on the plane h(θ, φ) → −h(θ, φ) =
h(pi−θ, φ+pi) as manifested in thermal Hall conductivity.
Thus, the topologically distinct regions with (+ν,+h)
and (−ν,−h) exist on the (θ, φ) plane, and they meet
by hosting critical lines of gap-closing at their bound-
ary. The existence of the critical lines is topologically
protected although their shapes depend on details of the
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FIG. 3. Temperature and field angle dependence of the
specific heat over temperature. (a,b) Non-abelian KQSL:
(J, Γ, Γ ′) = (0.1, 0, 0) and |h| = 0.03. Error bars are shown
in (a) and (b), which are too small to see in (a). (c,d)
Zigzag antiferromagnetic phase: (J, Γ, Γ ′) = (0, 0.8,−0.05)
and |h| = 0.05.
system.
In addition to the existence of critical lines, the pres-
ence of the D3 symmetry may provides more information.
Namely, κxy, ν, χ are related to each other because all
of them belong to the A2 representation of the D3 sym-
metry. Thus, the topological transition and gap-closing
necessarily occurs at the bond directions (θ = 90◦, φ =
m · 60◦) where m is an integer.
Our results are directly applicable to experimentally
measurable quantities. As an example, we compute the
specific heat over temperature, Cv(T ;φ)/T . The specific
heat is obtained by the method of microcanonical ther-
mal pure quantum states [58]. Note that one can also
evaluate the corresponding entropy S by the integration
S(T ;φ) = kB log 2−
∫∞
T
dTCv/T . Figure 3(a) shows the
results for various in-plane field directions (θ = 90◦). The
specific heat with various field angles are indistinguish-
able at high temperatures (T > |K|). At low tempera-
tures (T ∼ 10−2|K|), the discernible field angle depen-
dence is observed. It is clear that bigger specific heat and
more entropy exist at the bond directions compared to
the bond-perpendicular directions [Fig. 3(b)]. This be-
havior is consistent with the gap closing that must occur
at every bond direction.
For purposes of comparison, we conduct similar spe-
cific heat computations for a zigzag antiferromagnetic
phase by using the spin wave theory. The magnon
spectrum is gapped due to completely broken spin ro-
tation symmetry, so there is no critical line on the (θ, φ)
plane. Compared to the KQSL, the zigzag phase ex-
hibits reverted patterns of specific heat over temperature
[Figs. 3(c-d)] for field angle dependence; the bond direc-
tions have smaller Cv(T ;φ)/T . This behavior is closely
related with the characteristic structure of spin moments
— all moments perpendicular to a specific bond direc-
tion [56]. The clearly distinct angle dependence shown
in Figs. 3(b) and 3(d) characterizes differences of the non-
abelian KQSL and the zigzag phase.
Conclusion.—We have uncovered characteristics of the
magnetic field angle dependence of a non-abelian quan-
tum spin liquid by performing ED, parton, and spin wave
analysis and provided the physical quantities such as the
energy gap and chirality operator. We also have demon-
strated that a non-abelian KQSL may be identified by
the existence of the critical lines of gap-closing on the
(θ, φ) plane. Intrinsic topological natures of the criti-
cal lines are emphasized. Furthermore, we characterize
the topological fingerprints of the non-abelian KQSL in
the field angle dependence of heat capacity and entropy,
which may be tested in candidate materials of KQSL such
as α-RuCl3. Detailed analyses on field angle dependence
of other measurable quantities associated with spin sus-
ceptibility, magnetic resonance, and neutron experiments
would be highly desired in future works.
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